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I. INTRODUCTION

Let A denote the class of functions of the form

f(z) = z+ Z apz" (1.1)

which are analytic in the unit disc E = {z: |z] < 1|}. Let S be the class of functions of the form (1.1), which
are analytic univalent in E.
In 1916, Bieber Bach ([8], [9]) proved that |a,| < 2 for the functions f(z)eS. In 1923, Lowner [7]

proved that |az| < 3 for the functions f(z)eS..

With the known estimates |a,| < 2 and |a3| < 3, it was natural to seek some relation between a; and
a,2 for the class S, Fekete and Szegd [10] used Léwner’s method to prove the followingwell known result
for the class S.

Let f(z) €8, then

3 —4p,ifu <0;

lag — pa3| < 1+2exp(1

u),ifo <up<t; (1.2)

4p — 3,ifp > 1.
The inequality (1.2) plays a very important role in determining estimates of higher coefficients for some
sub classes § (Chhichra[1], Babalola[7]).
Let us define some subclasses of S.
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We denote by S*, the class of univalent starlike functions g(z) = z+ Y,,_, b,z" € A satisfying the
condition

Re <zg(z)> >0,z € E. (1.3)

g(z)
We denote by ¥, the class of univalent convex functions h(z) = z + Y.o=, c,z" € A satisfying the
condition
Re ((zh'(2))
h'(z)
Gurmeet Singh, Saroa M. S. and Mehrok, B. S. [4] have introduced the class of Inverse Starlike functions
as the functions g(z) = z+ Y72, b,z" € A and satisfying the condition
< 2f(z) ) , 2£(z) 147z
Re|——]>0,z€E i.e.— < (1.5)
2 J, f(z)dz 2[,f(z)dz 11—z
[4] denoted this class by (S*)~1.
The subclass of (S*)~1 consisting of the functions g(z) =z + Yo, b,z" € Aand satisfying the condition
zf(z) 1+ Az
2 [7f(z)dz  1+Bz
is denoted by (S*)71[A, B] (See [4]).
Symbol < stands for subordination, which we define as follows:
p-valent functions: A function f(z) € A, is said to be a p-valent function in E if it assumes no value more
than p times in E.
The class of functions f(z) € A, satisfying the condition
zf(z) 1+z
(p+1) [; f(z)dz S 12

>0,z € E. (1.4)

;—1<B<A<1 (1.6)

is denoted by (S,") " .(See [4])
These functions were called p- valently inverse starlike functions. In this paper, We will deal with

(S,")"'[A, B], the subclass of (S,") " consisting of the functionsf(z) € A,and satisfying the condition

zf(z) - 1+ Az

(p +1) [ f(z)dz 1+Bz’

We will also deal with (S,”) " [A, B; 8], the subclass of (S,*)”" [A, B] consisting of the functionsf(z) €
Aand satisfying the condition
zf(z) 1+ Az\°
Z <( );—1SBSA§1;8>0.
(p+1) [, f(z)dz \1+Bz
We will establish Fekete-Szeg0 inequality for these classes.
Principle of subordination: Let f(z) and F(z) be two functions analytic in E. Then f(z) is called subordinate
to F(z) in E if there exists a function w(z) analytic in E satisfying the conditions w(0) = 0 and |w(z)| < 1
such that f(z) = F(w(z)); ze E and we write f(z) < F(2).
By U, we denote the class of analytic bounded functions of the form w(z) = Y. ;_; d,z",w(0) =
0,|w@)| <1 (17
It is known that |d;| < 1,]d,| < 1 —|d,|?
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1. Main Results
Theorem 2.1: If f(z)e(Sp*)_l[A, B], then

1 2
A—B |ap+2 - Map+1|
( (p+3){(p+1(A-B)—B}

(p+2)2(A_B)< 2(p + 2)2(A — B) _ll>;

. _(P+3){(p+1(A-B)-B}
if u< 2(p + D2(A—B) (2.1)

p+3
=) ” (p+3)[{(p+1A-B)-B}—1] < jsp+3[{(p+1)(A—B)—B}+1] 2.2)
2(p +2)2(A—B) 2 G +22A-B)
(p+2)2(A—B) <u Jr 32)({;12)12)((: — ,]33)) - B})
ifp > 2 er 3 [ +(p1)+(1;)_2 (]Z)__:)} 153

\
The results are sharp.

Proof: By definition of (S,) " [A, B], we have
f 1+A
Z(ZZ) ( W(Z)) 1<B<A<1
(p+1) [, f()dz \1+Bw(2)
Expanding (2.4), we have

(2.4)

(14 aps1z +apez? +———)
_1p+1 pt1 2 1+(A—B A—B Bc?)z?
= ( +map+1z+map+22 +—-—-)A+ (A —-B)cyz + (A—-B)(c; — Bei)z
+—-—-) (2.5)
Identifying terms in (2.5), we get
ap+1 = (p+ 2)(A — B)cyand
apsz = 20D e, 1 {(p +1)(A - B) — B}c}](26)
Using (2.5) and (2.6), we obtain
3)(A—B 3 1)(A—B)—B
dp+2 — ”a%+1 = (p i )2( )CZ + (p + Z)Z(A - B)Z (p i 2)({1511-'-2)2)((A _ B)) } - Ill C%
1 3 3 1)(A—B)—B
A—B (ap+2 - Ma%+1) = (p-; _) c;+(p+ Z)Z(A —B) (p i 2)({[511-'_2)2)((A _ B)) ; - lC%
This leads to
1 3 1)(A—B)—B
A— Blap+2 P‘ap+1|< |C2|+ (+2)*(-B) = 2)({151-'-2)2)(1 B)) - | leal?
Pt ‘(p+3){(p+1)(A B)-B} ‘ p+3 ll o @7
2(p+2)*(A—-B) 2(p+2)*(A—-B)
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) (p+3){(p+1)(A-B)-B}
Case I: u< 2 (p12) (A D)
1

p+3

, we get from (2.7)

p+3 {(p+1(A-B)—-B}—1]
(p+2)?(A—B)

. From equation (2.8), we get

ul |c11? (2.8)

(p+3)[{(p+1)(A-B)-B}-1]
2(p+2)2(A-B)

1 ) (p+3){(p+1)(A—B)—B}
m|ap+z—uaﬁ+1| <(+2) (A_B)< 2(p + 2)2(A—B) —H>-

: (p+3)[{(p+1)(A-B)-B}-1] .
Subcase I(b): pn = 2(012)*(A_B) .From equation (2.8), we get

1 p + 3
(p+3){(p+1)(A B)-B}
2(p+2)2(A-B)

Subcase 1(a): u<

(2.9)

Casell: p >

1 +
p+3 [{(p+1)(A-B)-B}+1]
(p+2)2(A-B)
1 ) p+3
- |ap+z — mad,q| < — (2.12)
Combining subcase 1(a) and subcase I1(b), we get

L <P DU DGR B -1
A— B Aptz T Maps] =750l 2(p+ 2)2(A—B) =H
_p+3[(p+DA—B) ~ B +1]
- 2 (p+2)?(A-B)

. p+3 [{(p+1)(A-B)-B}+1] .
Subcase lI(b): p = — > o+ 22 (AB) . From equation (2.11), we get

1 5 (p+3){(p+1)(A-B)—B}
m|ap+z—uap+1| = (p"‘z)Z(A_B)(“_ 2(p+2)*(A—-B) )

, We get from (2.7)

p+3[{(p+1)(A B) — B} + 1]
(p+2)*(A-B)
. From equation (2.11), we get

]|c1|2 (2.11)

Subcase ll(a): p <

(2.13)

(2.14)

This completes the theorem. The results are sharp.

Extremal function for first and third inequality is
(p+1)(A-B)-B

fi(z) = (p+ 1)zP(1 + Az)(1 + Bz)
Extremal function for second inequality is
(p+1)(A B)-2B

f,(z) = (p + 1)zP(1 + Az?)(1 + Bz?)
Corollary 2.2: Putting A = 1,B = —1 in Theorem 2.1, we get

( +3)2p +3 +3)2p +3
2p +2)? (p+3)2p+3) i Lp+3)Cp );
4(p + 2)? 4(p + 2)?
1 +3 (p+3)(p+1D +3
2 2 2(p+2) 2(p+2)

2(p+2)2<u_(p+3)(2p+3)>'. __P+3

4(p + 2)? ~2(p+2)
, Which are the required results for the class (Sp*)_l(See [4].
Corollary 2.3: Putting p = 1 in Theorem 2.1, we get

6260 http://www.webology.org



Webology (ISSN: 1735-188X)
Volume 18, Number 6, 2021

r 2(2A — 3B)
9(A—B)<—9(A_B)
~ 2(2A - 3B)

—u>.ifué

22A—3B+1)

2(2A - 3B)

9(A—B) ’

—uail < <
A_B|a3 Mazl_<2,lf 9(A—B) N VL

9(A—B)

2(2A-3B)\  2(2A—3B+ 1)
kg(A_B)<”_ 9(A - B) )1 =" 9@4—B)

, which are the required results for the class (S*)~1[A, B](See [4].
Corollary 2.4: Putting A = 1,B = —1,p = 1 in Theorem 2.1, we get

((5 —9p),ifp <

1 , 4
7l —madl <§ Lifg<pus<

(9u 5),ifp
, Which are the required results for the class (S*)~1.(See [4]).
Theorem 2.5: If (S,")”"[8], then

3
( 5= p+3) - 2u + 277,

1 3
ifp < (p;(p)prZ; ), (2.15)

p+3

1 2’

_ _ 2

28 |ap+z = ag.| < 4 P+ D +3) (p+3)(2ps +38 —3)
2(p + 2)2 48(p + 2)?

3
S{Zu(p +2)% — %(Zp + 3)},

) (p+3)(2pd+ 36 —3)
ifp>
\ 48(p + 2)?

Spu<

;(2.16)

(2.17)

The results are sharp.
Proof: We have

2£(z) 14+ w(2)\°
Z = ( ) ;18>0 (2.18)
(p+1) [, f(2)dz 1—-w(z)
Expanding we have
(1+aps1z +apez? +———)
p+1 pt+1
p+2ap+1z+p+3
Identifying terms, we get apyr = 28(p + 2)cyand
apsz = (p+3) 8¢y + (p 4+ 3)(2p + 3)6%¢cf(2.19)
Using (2.19), we obtain
apz — Mapy = (p+3)8c, + (p +3)(2p + 3)8%ct

=(1+ ap422° + — ——=)(1 4+ 28 ;2 + 28[c; + 8 ¢, *]z% — -)

— n(28(p + 2)¢y)?
This gives
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dp+2 — H3123+1 = (p +3)8c, +8{(p+3)(2p +3) —4p(p + 2)*}ci
This gives

3 p+3
o5 [aps = g | < el + 8222 @2p o+ 3) - 2000+ 27
<p+3+[8‘p+3

|C1|

(2p+3) —2u(p + 2)?| - pT] |c2 (2.20)

1m( 2p+3)
2(p+2)2 "’

1 5 p+3

55 lapr2 = nadia| < ==+ 8l + D +3) —2u(p + ?]Ic]] (2:21)

(p+1)(p+3)
2(p+2)2 '’

1 3
~lapsz — naZ,| < 8 {22 (2p +3) — 2u(p + 2)?}(2.22)

Subcase I(b): u > %. (2.21) takes the form

1 p +3
er3( 2p+3)
2(p+2)? ’

Casel: n < we get from (2.20) that

Subcase 1(a): p < Using |c?| < 1, (2.21) takes the form

Casell: p >

1 p
o5 — |ap+2 — pad 4| <PT2 [28(p +2)%u — —— (2p5 + 36 — 3)] |c? (2.24)

(p+3)(2p8+35 3)
48(p+2)?
1 p+ 3
2
lapes — padea| <22 (225)

. (p+3)(2p6+36-3)
Subcase I(b): pn = 5 (pi2)

1 p+3

o5 [apez = wadaa| < 8{2u00 + 22 - 2= 2p 4 3)] (226)
This completes the theorem. The results are sharp.
Corollary 2.6: Putting 6 = 1 in Theorem 2.5, we get

we get from (2.20) that

Subcase Il (a): p < .(2.24) takes the form

. Using |c?| < 1, (2.24) takes the form

( ((P+3)@2p+3) . (p+3)2p+3),
(p+2) < 4(p + 2)2 Y
1 p+3 (p+3)(p+1) p+3
_ _ 2 _r - .
713+2 ~ Hapn | < 75— 2p+2? M0+

(p+2)2<u_(p+3)(2p+3)>'. __b+3

\ 4(p + 2)? —2(p+2)
which are the required results for the class (Sp*)_l(See [4].
Corollary 2.7: Putting p = 1, in Theorem 2.5, we get
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56 — 1
(58 + 1) —9us,if sg

9§ '
56 — 1) (56 — 3)
a aZS< ( < <L —_
48'3 paz| 2,if 98 SpH= 98

56 -3
| 9 - (56 +1),ifp = g
which are the required results for the class (S*)

98
~1[8].(See [4])
Corollary 2.8: Putting 6 = 1,p = 1, in Theorem 2.5, we get
4
(5 ), ifp < 5’
1

Z|a3 — paj| <

§ )

2

(9u 5),ifu = 3

which are the required results for the class (S*)~1.(See [4])

Theorem 2.9: If (S,*) " [A, B; 8], then
1

m |ap+2 - Malza+1|
.

p+3{( 36
7 |\Pot

a )(A B) — B}—u&(p+2) (A—B),
2 POHT ) (=B -+ B)

8(p +2)2(A—B)

2 )

(e + -5 (A-B) -+ B))
S(p+2)?(A—B)

< HST{(p6+32_8_§)(A_B)—(1—B)}
8(p +2)2(A—B)

+3 36 1
ud(p + 2)%(A — B) —pT{<p5 ———> (A—B) — B}
; 2{22(A-B) - (1-B)} .
\ = 95(A — B) (229)
The results are sharp.
Proof: We have
f 1+A 8
Az ( W(Z)) 5> 0 (2.30)
(+1) [[f(z)dz \1+Bw(2)
Expanding we have
p+1 p+1
=1+ 5T dpHZ z+ 51 3 2p+2Z +—-——-)1+8(A—B)cz+68(A
—B)[cz {( “Da-n- } ]zZ——)
Identifying terms, we get
6263

http://www.webology.org

(2.27)
p+3

(2.28)



Webology (ISSN: 1735-188X)
Volume 18, Number 6, 2021

ap+1 = 8(p+2)(A—B)cy
and

p+3 p+3 38 1 ,
Atz =5 8(A—B)c, + — 8(A—-B) {(pS +7 - E) (A—-B) — B} i (2.31)

Using (2.31), we obtain
+3 +3 36 1
apyz — uaf,ﬂ = pT 8(A—B)c, + pT 6(A—B) {(pS + > —§> (A-B) — B} cz
— u(8(p + 2)(A - B)cy)?

This gives
p+3
dp+2 — Halz)+1 =T, 8(A—B)c,
+3 36 1
+5(A—B) [p {(pﬁ 2 —> (A—B) — B} — u8(p + 2)%(A— B)] 2
This gives
1 p+3 p+3 36 1
SA—D) |apsz — pad,q| <2=Z 2| + |T{(p5 t5 - E) (A-B) - B} — ud(p +2)*(A-B)||cf|
+3 +3 38 1 +3
<2 Hp {(pzs +7—§) (A—B)— B} —u8(p + 2)%(A — B)| —pT] 2 (2.32)
5+22-2)(a-B)-
Casel: n < {(p ) , we get from (2.32) that

8(p+2)2(A B)
1 +3 +3 368 1

s [apee — 12l | < B2+ P2 {(ps + 22— 2) (A - B) - (1 + B)} — u(p +2)2(A— B)| I21(2:33)

(v 6+§—3)(A B)- (1+B)}

. 2

Subcase 1(a): p < 50122 (A B)

1 p+3 36 ,
5(A—B) [ap+z = Hags| <= {(pS ———) (A—B) - } —ud(p+2)*(A-B) (2.34)
P23 (ps+22-2)(A-B)-(1+B)}

8(p+2)2(A-B)
|apsz — nay, | <22 (2.35)
N (( 5+£-1)(A-> B}
Case ll: p > -2 SIS ATD)
o o2 — Ml <222+ [0+ 224~ B - 22 {(p0 + 2 - 2) (A - B) - (1 - B)}] 121 2:30)

P_“{(pzs+ﬁ—l)(A B)-(1-B)}
. 2
Subcase Il (8): p < 5(p+2)2(A-B)

1 p+ 3
m|ap+z paj,,| <—— > (2.37)

E*¥(ps+2-2)(a-B)-(1-B)}
85(p+2)2(A-B)

Using |c?| < 1, (2.33) takes the form

Subcase I(b): p =

.(2.33) takes the form

1
8(A-B)

, we get from (2.32) that

.(2.36) takes the form

Subcase I(b): u = . Using |c?| < 1, (2.36) takes the form

1 3 36 1
5(A— B)|ap+2 Map+1|<p8(p+2) (A-B) — p;— {(pﬁ ———) (A-B) — } (2.38)

This completes the theorem. The results are sharp.
Corollary 2.10: Putting § = 1 in Theorem 2.9,we get
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1 2
A_B |ap+2 - Hap+1|

‘

3 1)(A—-B)—B
P (R T SAICEL BN

_(p+3){(p+1D(A-B)-B) ‘

ifps 2(p + 2)2(A— B)
p+3
—
=), @+IE+DA-B) -B)=1] _ _p+3[{p+DA-B) - B} +1]
2(p + 2)2(A — B) =H=" (0 + 2)2(A—B)

(p+3){(p+1)(A-B)—B}
: p+3[{(p+1)(A-B)-B}+1]
ifu=>
L 2 (p+2)*(A—B)
Which are the result of f(z) € (Sp*)_l[A, B], as proved in Theorem 2.1.

Corollary 2.11: Putting A = 1,B = —1, in Theorem 2.9, we get

( p+3 2}. (p+D(p+3)
—_— - <

8{ > (2p+3) —2u(p + 2)7¢,ifp < 2o+ 22
1 5 p+3  (p+D(p+3) (p+3)(2pd+ 36 —3)
— |aps2 — pad | <4 i <upu< ;
28 2 2(p + 2)? 48(p + 2)?

p+3 ) (p+3) (2p6+36—13)
2 2)2 ——(2 } fu=>

which are the required results for the class (Sp*)_l[ﬁ] as proved in Theorem 2.5.
Corollary 2.12: Putting p = 1, in Theorem 2.9, we get

( 2 {(582_ 1) (A—B)—B} — 9u8(A — B),

58—1

2{(*7)@-B-a+p}
95(A — B)
2
s el = 2D e-m-arm) < () a-»-a-p);
98(A — B) 98(A — B)

56 —1
9u8(A—B)—2{( )(A—B)—B},
- e-p-a-b)
\ ifu = 98(A — B)
which are the required results for the class (S*)~1[A, B; 8] (See [4]).
Corollary 2.13: Putting 6=1p=1 in Theorem 2.9, we get

ifp <
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2(2A — 3B 2(2A—- 3B
oa—B)(ZZAT3B) ) i 22AZ3D),
9(A — B) 9(A—B)
p+3 2(2A-3B) 2(2A — 3B+ 1)
— pajs| <3 <u< -
|a3 l"’aZ|— )1 SH= 9(A—B) ’

2 9(A - B)
2(2A — 3B)\ 2(2A—3B + 1)
_ _oe 00 >
| @ B)<” 9(A—B) )'1“— 9(A - B)
Which are the result of f(z) € (Sp*)_l[A, B].
Corollary 2.14: Putting 6=1,A=1B=-1, in Theorem 2.9, we
( +3)2p+3 +3)2p+3
(b +2)? (p+3)(2p )_ll if s (p+3)(2p );
4(p + 2)? 2(p+2)?(A—B)
T |<<p+3i (P+3)@p+3) _  _(+3)p+2)
g2 T Benl 2 T s 22a-8) T T 2(p+2)7
+3)2p+3 +3 +2
(p+2)2<u—(p )(2p )>‘. 2(10 )(p +2)

4(p + 2)? 2(p+2)?
Which are the result of (Sp*)_l(See[4]).
Corollary 2.15: Putting8 = 1,A=1,B=—1,p=1 in Theorem 2.9, we get

A-B

‘ 4
(5—9u),ifu§§;
1 4 2
—lag —paj| << lif-<p<-;
4 9 3
. 2

which are the required results for the class (S*)~1.(See [4])
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